Abstract. We answer in the affirmative [Th. 3 or Corollary 1] the question of L. V. Keldysh [5, p. 648]: can every Borel set X lying in the space of irrational numbers P not G δ · Fσ and of the second category in itself be mapped onto an arbitrary analytic set Y ⊂ P of the second category in itself by an open map? Note that under a space of the second category in itself Keldysh understood a Baire space. The answer to the question as stated is negative if X is Baire but Y is not Baire.
All spaces in this paper are assumed to be metrizable, and all maps are continuous and onto. We denote by P and Q the spaces of irrational and rational numbers, respectively, and by B(τ ) the Baire space of weight τ (= the Cartesian product of countably many discrete spaces of cardinality τ ℵ 0 ). It is known that every metrizable space X with Ind X = 0 and w(X) = τ ℵ 0 can be embedded in B(τ ) (for τ = ℵ 0 , B(τ ) = P) [2, Theorem 7.3.15] .
A set Y ⊂ P is called an analytic set (respectively, a Borel set) if there exists a map f : P → Y (respectively, a one-to-one map f : M → Y , where M is a G δ -set in P).
The notation X ← Y means that X contains a relatively closed subset which is homeomorphic to Y , the symbol ≈ denotes a homeomorphism, and [A] denotes the closure of A.
The space X is called of the first category (respectively, of the second category) if X can (respectively, cannot) be represented as a countable union of nowhere dense (n.d.) sets in X.
We say that X has a property L everywhere if every open subspace U ⊂ X has property L. The space X is Baire iff X is everywhere of the second category. A subset of X is clopen if it is both closed and open in X.
We say that a pair of spaces X, Y is exceptional if either (a) X is Baire and Y is not, or (b) Y is of the first category and X is not.
It is clear that if there is an open map
The following theorem gives a necessary and sufficient condition on Borel sets X, Y ⊂ P for the existence of an open map g : X → Y ; it shows that the answer to the Keldysh question [5] is affirmative. It is not hard to see that Theorem 0 is the sum of Theorems 1-4, and Saint Raymond's theorem [14, Theorem 5] : Let X be a Borel set in C; then X is a union of F σ and G δ (in C) iff X ← P × Q. It can be seen that Theorem 4 is based on Theorems 1 and 2, and Theorem 3 uses Theorem 2, which uses Theorem 1. Lemma 2 and the first step of its proof strengthen the theorem of [10] .
Note that C is embeddable in P and if
We close this section with an example of a Baire space X ⊂ C which is F σ ∪ G δ and everywhere not F σ ∩ G δ . Thus, if Y is any Baire space which is everywhere not F σ ∪ G δ then X, Y is not an exceptional pair, but no open f : X → Y exists, showing that the condition on X in Theorem 0 cannot be weakened.
Indeed, let Q ≈ Q be a dense subset of C and P = C \ Q . Let now
Obviously X is a Baire space and F σ ∪ G δ in C, and X is everywhere not F σ ∪ G δ since every F σ ∩ G δ in C which is everywhere not F σ and everywhere not G δ is homeomorphic to P × Q (see [8] , [13] ) and we have a contradiction to the Baire Category Theorem. (Notice that X is homeomorphic to the space T , which has been characterized by van 
and every set (B)
The reader can easily verify that every F i is an analytic set and no open U ⊂ F i is σ-compact. By the above remark, it remains to apply Lemma 2.
Theorem 2. Let X, Y ⊂ P be analytic, Baire spaces and everywhere
P r o o f. Every analytic set X can be represented as X 1 ∪ X 2 , where X 2 is a G δ -set in P and X 1 is of the first category in X [6, §11] . Since X is everywhere of the second category, [ 
Represent X 2 as
and let
Similarly to the proof of Theorem 1 (see (A) and (B)) one defines closed n.d. sets
where the P i,j ≈ P × Q are closed n. , then u v is the concatenation of the two sequences, i.e.
. , v(m) .
Of course, u ∅ = u. The notation s ⊂ t means that t extends s, i.e. that s is an initial segment of t and s = t. A tree T on A is a subset of A <ω such that s ∈ T and t ⊂ s → t ∈ T . If t ⊂ s and |t| + 1 = |s|, we write s = t + . 
Let T ⊂ B(τ ). A γ(T )-system is a family of open (in

Let now T ⊂ X ⊂ B(τ ). A δ(T )-extension of a γ(T )-system {T
(g) if T is a nowhere dense subset of X then the sets Z s are nonempty.
A δ * (T )-extension is a δ(T )-extension with the following additional condition:
(h) the sets X s are pairwise disjoint for every fixed |s| = n and the sets Z s are pairwise disjoint and clopen in X.
P r o o f. Let S be the tree indexing the given γ(T )-system. Fix s ∈ S, and suppose X s has already been constructed (we take X ∅ = X). If T is a n.d. set, also take some
of X s has a refinement λ = {U α : α ∈ A}, where the U α are clopen in X and pairwise disjoint. Put
It is easy to see that
Then by ( * ) and ( * * ),
Obviously, we have (d) (for s + ). We can get condition (e) to be also satisfied, choosing the sets O s in a proper way and taking into account (b).
Conditions (f), (f 1 ) hold by the construction, and (g) follows from the fact that x 0 ∈ Z s . So, we have proved the existence of the required δ(T )-extension. In the case of a γ * (T )-system we consider for every
T and a refinement λ as above. Then put
It is clear that we have (h). P r o o f. The proof is by induction. We will define a tree H, and for each
and trees H h such that h v ∈ H if and only if v ∈ H h .
Always, h n will denote an element of H of length n.
At the first step put 
is as in 2.1(f). Let F h n v be the first nonempty intersection of O h n v with the sets F i (i ∈ ω). Then by our condition there is a map g h n v :
We may put h n v = h n+1 ∈ H and define the map g : X → Y as follows: 
It remains to remark that g(T
h n+1 ) ⊂ g(F h n+1 ) and for every F p n+1 ⊂ X h n+1 we have g(F p n+1 ) ⊂ Y h n+1 = g(F h n+1 ). Now, if x ∈ X, then x ∈ F h n for some F h n . Let B ={X h n+1 : x ∈ X h n+1 }.
